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PREFACE

Mathematics is such a vast and rapidly expanding field of study that there

art inevitably many important and fascinating aspects of the subject which,

tuough within the grasp of secondary school students, do not find a place in the

curriculum simply because of a lack of time.

Many classes and individual students, however, may find time to pursue

mathematical topics ,71' special interest to them. This series of pamphlets,

whose production is sponsored by the School Mathematics Study Groupyis designed

to make material for such study readily accessible in classroom quantity.

Some of the pamphlets deal with material found in the regular curriculum

but in a more extensive or intensive manner or from a novel point of view.

Others deal with topics not usually found at all in the standard curriculum.

It is hoped that these pamphlets will find use in classrooms in at least two

ways. Some of the pamphlets produced could be ilsed to extend the work done by

a class with a regular textbook but others could be used profitably when teachers

want to experiment with a treatment of a topic different from the treatment in the

regular text of the class. In all cases, the pamphlets are designed to promote

the enjoyment of studying mathematics.

Prepared under the supervision of the Panel on Supplementary Publications of the

School Mathematics Study Group:

Professor R. D. Anderson, Department of Mathematics, Louisiana $tate
University, Baton Rouge 3, Louisiana

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301
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Mr. TI-omas J. Hill, Mbntclair State College, Upper Montclair, New Jersey
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21st, Philadelphia 36, Pennsylvania 19103
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SYSTEMS OF FIRST DEGREE EQUATIONS IN THREE VARIABLES

1. A Three Dimensional Coordinate System.

In this pamphlet we shall deal with triples of numbers (x,y,z) and view

them sometimes as constituting solution sets of equations in three variables,

and sometimes as representing points in three-dimensional space. Thus we will

last, at the outset, to oet up a one-to-one correspondence between ordered

triples of real numbers (x,y,z) and the points of three-dimensional space.

Take three mutually perpendicular lines and label these lines the x-axis,

the y-axis, and the z-axis respectively. These lines can be chosen, and

labelled, in any manner whatsoever. For

the sake of uniformity, and because the

choice is a common one, let the x- and

y-axis be in a horizontal plane and the

z-axis perpendicular to this plane. The

point of intersection of the axes is 0,

the origin. We assign number scales to

the axes, as we did with coordinate sys-

tems in one and two dimensions, in such

a way that the zeros of each of the axes

coincide at the origin. The positive

direction OX extends forward, toward

the observer; the positive direction

8C extends to the right; and the positive

direction OZ extends upward. A plane

determined by any,two of the axes is called a coordinate xlane. There are

three such planes, the XY-plane, the XZ-plane, and the YZ-plane.

Figure la

Through any point F in space draw three planes which are respectively

perpendicular to the three coordinate axes. The numbers attached to the

points in which these planes intersect the x-,y- , and z-axes are calied the

x-coordinate, the y-coordinate, and the z-coordinate of the point P respec-

tively. These planes and the three coordinate planes form a box-like figure

(called a rectangular parallelepiped). We can then find the triple of co-

ordinates of any given point in space; and, conversely, we can locate a point

1
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Figure lb

in space when any ordered triple of real LMbers is given. This one-to-one

correspondence between points, in space, and the ordered triples, of real nuMbers

is called a three-dimensional coordinate system.

Example: Plot the point (5,-2,4).

Solution: Begin at the origin and proceed 5 units in the dirtction of

the positive x-axis, 2 units in the direction of the negative y-axis, and 4

units in the direction of the positive z-axis. The point located is the re-

quired point.

Figure le
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Plot the following points:

1. (0, -1, 3)

2. (-2, 0, 4)

3. (3, 2, 4)

4 (2) °.1) -3)

5. (-4, -2, -7)

EXercises 1.

6. (0, 2, 0)

7. (1, -1, 0)

8. (2, -3, 4)

9. (3, 2, -4)

10. (2, 0)

11. Where do all points lie for which x 0 ; for which x = 2 ; for

which x = -3?

12. Where do all points lie for uhich y = 0 ; for which y = 3?

13. Where do all the points lie for which z = 2 ; for which z = -2?

*14. Where do all points lie for which x + y = 4?

2. Distance ?ormula in Three Dimensions.

Development of a formula for the distance between two points in space is

closely related to the problem of finding the length of the diagonal of a rec-

tangular parallelepiped. Let us review the latter problem first. Ey virtue

of the Iythagorean relation we have

d
2
(A,C) d

2
(AID) + d

2
(D,C)

2,
d kA,B) = d

2
(A,C) + d

2
(c,B)

Substituting for d
2
(A,C) we have

d (A,B) d
2
(A,D) + d

2
(D,C)

(

Figure 2a

d(A013) = 42(A,D)
a2(Doc) d2(c113)

Thus, the diagonal of a rectangular parallelepiped equals the square root of

the sum of the squares of its dimensions.

Consider now the distance between

the points A(1,2,4) and B(3,5,6) .

These points are opposite vertices of

a parallelepiped as indicated in Figure

2b The distance between them, AB 0

may be obtained by applying formula

Figure 2b



(a) d(A,B) = 42(A,D) + d2(DIC) + d2(C,B).

Fr= Figure 2b we see that

d(A,D) 3 - 1 2

C..;Doc) . 5 - 2 s 3

d(CA) . 6 - 4 . 2

d(A,B) i4 + 9 + 4 .

Using the same method, we now derive a formula for the distance between
any two points in space, P1(x1,y11z1) and P2(x21y21z2) .

But

From (2a) we have

d(P
1'
P
2

) 42(P
11
Q) + d2(Q,R) + d

2
(R,P2 ) (See Fig. 2c.)

d(P1,Q) = 1x2 - x11

d(Q,R) = ly2 - yil

d(R,P2) = 1z2 - zil

(2b) d(P P ) = j(x
2 - x

1
)12 2 (Y2 Y1)2 (z2 z1)2.

This is the formula for the distance between two points in three dimensions.
The formula is correct no matter where P

1
and P

2
lie in space.

X
Figure 2c



Exercises 2.

Find the distance between the following pairs of points:

1.

2.

3.

4
5.

(6, 7, 1) , (2, 3, 1)

(4$ $ (7, 31 7)

(0, 4, 5) p (-6, 2, 8)

(3, Op 7) p 3, 7)

(4, -1, 3) (12$ 7, -1)

6.

7.

8.

9.

10.

(14,

(0$

(-31

(3,

(1,

2, p (8,

1; 0) p (1,

4; -8) ; (-8;

4; s) ) (81 4,

2, 3) p (Op 0,

18;

-6;

1)

0)

14)

-6)

3. An Equation of a Plane.

From plane geometry we know that the set of points in a plane, at equal

distances from two given points, is a line. Similarly, in space, the set of

points at equal distances from two given points is a plane. We use this pro-

perty to derive the equation of a plane. Since it was proved in geometry that

this property characterizes a plane, the equation we derive will represent a

plane with all the properties of the plane studied in geometry.

Example 1: Determine the equation of the plane whose points are equi-

distant from A(1,2,3) and 13(2,5,4) .

Solution: If F(x0y,z) is any point in the plane, we know that

d(A,P) = d(13,1)

Using Formula (2b), we have

sf(x - 1)2 + (y

Figure 3a

3)2 - - 2)2 + (y (z



From this we have

x2 - 2x + 1 + y2 - 4y + 4 + z2 - 6z 4. 9

= x` - 4x + y2 z2 164

which reduces to

(3A) 2x + 6y + 2z = 31 .

Thus,the equation of this plane is of the first degree in 3 variables.

Using this sane method we prove that the equation of every plane is an
equation of first degree in 3 variables. Instead of two special points, A
and 13, we use F

1
(x

1
,y

1'
z
1

) and 1'
2
(x

2 22
z
2

) to represent am two distinct

points in space. Then we have

.14X -

(3b)

d(r r) d(r2,r)

2 2 , 2X2 - x 4 Xi2 2# y - y y
1

y1 4 Z C`. Z. Z
1

Zi

x2 - 2.x .x
2 2

+ x2 y2 - 2 y y 22 + y22 + z2 - 2.z .z2 + z 22

xl)x + 2(y2-
1
)Z- [(X2

2
-X

1
2 )+(y22 - y 2)+(z 2

-
1

2 )) 0.Q 1 2

Since d(P
11
0 and d(121F) are positive numbers, this argument can be re-

versed. Therefore, we know that a point 1)(x,y,z) whose coordinates satisfy

equation (3b) is equidistant from Pi and P2.

Equation (t) is an equation of first degree provided the coefficients of
x: y, and z are not all zero. Let us denote these coefficients by

A 2(x
2

- x
1

) 2(y2 - yl) p C 2(z2 " 21)

These will all be zero only if x2 = xi p y2 = yil and z2 z1, i.P.,

points r
1

and
2 coincide. But P

1
and 1'2 are distinct. Therefore:we

have proved that every plane in three dimensions can be represented by an
equation of tbe form

Ax + Ey + Cz D = 0

6



%there

D = -(( x
2 2 , 2'

y2 (z2
2

z
1

2
)1tY2 a2 xl

N

and A, B, C are real constants, not all zero. The converse theorem can also

be proved, i.1., that every equation of this form represents a plane. The

ovof of this converse is given below.

Proof: Let 12(x,v,z) be any point on the plane that is the set of points

equidistant from 0(0,0,0) and Q(kApkBokC) where

Then

Put

k=
A
2

+ B
2
+ C

2

-2D

d(0,0 = d(Q,P)

x
2 y2 z2 ItA)2

k

%

kB)2 + (z kC)2

0 = -2kAx + k
2
A
2
- 2kBy + k

2
B
2

2kCz + k
2
C
2

2k(Ax + By + Cz)
k2(A2 B2 c2)

k
Ax + By + Cz =

2
+ B

2
+ C

2
) .

The equation becomes

-2D
k

A
2

+ B
2

+ C
2

Ax + By + Cz + D = 0

This argument is reversible. This means that any point P whose coordi-

nates satisfy Ax + By + Ct + D = 0 is equidistant from the two points 0

and q Hence Ax + By + Cz + D . 0 is, by definition, the equation of a

plame.

Note: If D = 0 , it follows that k = 0 The two peints coincide, and

no plane is determined. The case where D = 0 is treated in Problem 3, Exer-

cise 3.

EXercises 1.

Use the method of Example 1 to find the equation of the plane whose points

are equidistant from each of the following pairs of points:

(a) 3, 2) p (4, -2, -2); (d) (2, 4, -5) (0, 2, 3);

(b) (-1, -3, -2) , (-2, 0, 4); (e) (-2, 0, 6) (1, 4, 3);

(c) (5, -1, 2) , (-5, 1, -2) (f) (-1, 2, (1, -2, 3),

7



2. In each of the following, find the equation of the plane that is the set

of points equidistant from the given points, and sketch the graph.

(a) (4, 0, 0) , (-2, 0, 0)

(b) (Op 3, 0) p (0, .1, 0)

(c) (Op Op 0) p (4, 2, 0)

(d). (0, Op 0) (0, 5, 3)

*3. Prove that the equation

ax + by + cz = 0

where not all the constants a, b, e axe zero, represents the set of

points equidistant from the symmetric points (a,b,c) and (-a,-b,-c) .

4. The Solution Set of An Equation in Three Variables.

We shall examine several first degree equations in three variables, both

graphically and algebraically, to gain familiarity with this representation

of a plane.

Definition 46. The solution set of an equation in three variables is the

set of real number triples (x,x,z) that satisfy the pquation.

Example 1: Find some of the elements of the solution set of the equation

(4a) x + 2y + z = 5 .

Solution: We may tabulate elements of the solution set.of this equation

by assigning values to x and y 1 and computing the corresponding values of

z In this way we may find as many number triples of the solution set as we
wish.

In the first lines of the tabulation given below, we give the assigned

values of x and y ; in the third line we give the computed value of z .

' _

X 0 1 .1
, 4

Y 0 1 2
,

z 5
,

1

x arbitrary

y arbitrary

z = 5 - x - 2y

Example 2: By considering sets of points in the solution set of

x + y = 4 ,

sketch the graph of the equation.

1 -.



Solution: Viewed as an equation in three variables, this equation has

the form

(4b) x + y + O. z = 4 .

Since the coefficient of z in this equation is zero, we are no longer free

to assign values to x and y at random. For example, if x = 1 , we must

assign the value 3 to y . On the other hand, when x = I and y = 3 , we

are free to assign.any value whatsoever to z We know from the definition

of the coordinates of a point P(x,y,z) (See Figure lb) that all the points

for which x = 1 and y = 3 'ie on the perpendicular to the XY-plane

through the point (1,3,0) Since all these points (1,3,z) correspond to

number triples in the solution set of Equation (4b) no matter what value z

has, we see that this perpendicular line lies in the plane x + y + 0.z = 4

(Figure 4a). SimilarlNall points

(2,2,z) , (311,z) , (4,0,z) lie in the

plane. Continuing in this fashion, we

see that the plane contains all the

perpendiculars to the XY-pIane that

intersett the XY-plane in the line

x + y = 4 Since all these lines lie

in a plane perpendicular to the XY-

plane, we see that the equation

x + y 4 represerts a plane perpen-

dicular to the XY-plane. Its line

of intersection with the XY-plane has X

the equation x + y = 4 (z = 0). Figure 4a

Example 3: By considering subsets of the solution set of the equation

x = 3, sketch a graph of the equation.

Solution: Viewed as an equation in three variables, this equation has

the form

x + 0 y + 0.z = 3 .

Here x must be assigned the value 3 p but y and z may assume any values.

We see then that this plane is the set of points at the directed distance,

+3, from the YZ-plane. It is therefore parallel to the YZ-plane.

9



Figure 4b

a.

Exercises 4.

1. Sketch the graphs of eaf:h of the equations

(a) x - 2y = 5 (d) y - 2z = 0

(b) x - 2y = 0 (e) 2x - z = 0

(c) y + 22 = 8

2. FOur points on the grapll uf the plane

2x + y = 6

are seen to be A(3,000) , B(1,4,0) 0 C(212,0) , D(016,0) . Give three

other points on the grapt- with the same x and y values as A ; as

B ; as C ; as D . Sketch the graph.

3. Sketch the graph of z = -2 ; of x = 5 ; of y = 3 .

5. The 0raph of a First Rum Equation in Three Variables.

If either one or two of the coefficients in the equation

Ax + By + Cz + D = 0

are zero, Section 4 gives us a method of graphing the equation. If all the

coefficients are different from zero, we proceed in a similar fashion.

Consider, for example, the graph of the equation

(5s) x + 2y + z = 5 .

An easy way to plot the graph of a linear equation in the plane is to find

the intercepts of the line. Similarly in three dimensions the graph of a

plane is easy to sketch if we begin by finding the intersection of the plane

with the coordinate planes. These intersections with the codadinate planes

are called traces. If we want the intersection of plane (7a) with the

10



XY-plane we must put z 0 in the equation

The resulting equation is

x + 2y + z 5.

x + 23: 5 .

This is the equation of a striaght line

in the XY-plane, and this straight line

is called the trace of

x + 23' + z 5

in the XY-plane. Similarly the X7,-

trace is

x + z 5,

and the n-trace is

2y + z = 5.

The graph of these lines in the coordi- X + 2y =5
nate planes makes the position of the

plane

x+z= 2y+z =5

x + 2y + z

clear. Figure 5

Exercises 5 .

1. Sketch the graph of each of the following equations.

(a) x - 23 + z =

(h) x + z = 5

(c) x 2y - z = 5

(d) x + 2y + z = 5

(e) 4x - 23' + z = 0

(f) 5x + 4y = 20

(g) 3x - 2y + - 0
3

(h) + 15 3

(i) 2y - z = 0

(j) 2x - 3--y = 0
1

2 3

11



2. On the same set of axes sketch the graphs of the following pairs of

equations, indicating the graph of the intersection set.

(a) x + 2y + s = 5

x 1

(b) x 2y + z 5

z . 2

(c) 5x ley ' 20

3x - 4y m 0

(d) 5x + 4y . 20

.9x + 6y - 5z . 0

(e) x y + z 5

2x - ey + 2z = 10

The Solution Set of a BYstem of First pegree, Equations in Three Variables.

Definitions.

Definition 6a. A system of first dearee equations in three variables

consists of two or more equations in three variables. In this pamphlet we

will consider only systems that involve either two or three equations.

Definition 6b. The solution set of a system of first degree equations

in three variables is the set of all number triples, thet satisfy all equations

of the Aystem. (It is the intersection of the solution sets of the equations

of the system.)

Definition 6c. TWo systems are equivalent if their solution sets are

the same.

* 7. The Solution Set of a System of Two First Degree Equations in Three

Variables. Graphic Approach.

In Section 3 we established the fact that every equation

Ax + By + Cz + D = 0

(in which A, B, and C axe real coefficients not all zero) represents a

plane. If we have two such first degree equations, they represent two planes

that have one of three positions with respect to each other. The graphs of

the tvo equatioms may intersect in a line, they may be parallel, or they may

be the same plane. Our problem is to discuss the solution set of a system of

two such equations. The most important case is the one in which the two planes

intersect in a fine. However, we will give an example to illustrate each of

the three cases.

12



Ehcample 1: The two planes intersect in 4 line. Find the solution set

of the system

(7a) 4' 2Y z - 5 = 0,

X 3 0.

Solution: The complete solution set of the system (7a) may be ob-

tained by studying the equivalent system obtained by combining either of the

equations of (7a) with a combination

a(x + 2y + z - 5) + b(x + z - 3) = 0

of the equations of the system. By choosing a = 1, b = -1, we have

(x + 2y + z 5) (x + z - 3) = 0 ,

which reduces to

(7b) y 1 .

Thualthe line of intersection of the given planes, (7a), is also the line of

intersection of the planes

x ?Y z 5 or
y = 1

x + Z= 3
y= 1

(1) The easiest system to graph is the last one.

Lino of
Intersection x + z a 3

Figure 7a

[See also 7b and 7c.]

1 3



(2) Let us sketch the graph of the pair

x + Qy + z a 5 p

y 1

The second plane is parallel

to the X2pLane and one unit

to the right of it. Thus its

trace in the Xl-plane has a

point of intersect;on with the

XY-trace of the first plane;

and its trace in the YZ-plane

has a point of intersection

with the YZ-trace of the first

plane. Both these points have

y 1 . They determine the

line of intersection of the

two planes. This line is

parallel to the XZ-plane.

(3) The third graph (Figure

This graph is the most dif-

ficult to draw. The second

plane has as its XY-trace

the line

x= 3 .

This intersects the XY-

trace of the first plane,

namely,

X + 2Y 3F

in the point x 3 7

y=l,zO. The traces
of these two planes in the

YZ-plane are

z = 3

2y 4. z - 5.

Lin of
Intersection

x+2y+z = 5

7o)

+ 2y

Figure 7b

gives a sketch or the given planes

z 5,

1 /4

Figure 7c



They intersect in the point

x 0,y- 1,zio 3.

We see that the line of intersection of these two planes is the same line as

the one we obtained in (1) and (2), and that it is parallel to the X20.

plane.

pcsamle 2. The two yaanes are parallel. Find the solution set of the

system

X 2Y It 52

X + 23v + z 10.

Figure 7d

Solution: By inspection, we can see that there is no number triple that

satisfies both these equations. This is so because, for each number triple,

the sum, x + Ry + z , has a definite value that cannot be both 5 and 10.

The planes have no point in common; they axe parallel. The system is

inconsistent, since any triple (x)Y,z) that satisfies one equation will not

satisfy the other.

,Exstaplel. The planes coincide. Find the solution set of the system

x + 2y + z - 5 . 0,

3x + 6y + 3z - 15 = 0 .

15
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Solution: By inspection, we can see that every number triple in the

solution set of the first equation is also in the solution set of the second

equation; and conversely. The given planes coincide. The system is dependent;

the left member of the second equation is three times the left member of the

first equation.

Exercises 7.

Determine which of the following pairs of equations represent straight lines.

Sketch the graph in each case. When the planes intersect, indicate on the

graph where the line of intersection lies.

1. x - 4. 5z rm 10

z = 1.

2. x - Ry + 5z = 10 ,

7. x + 4y 4 ,

z - x = 0 .

8. 3x 4-Y-z= 2 p

2z * 6x + 2y - 4 .

3. x - Ry + 5z = p 9. x

y = -2 . 3y + z = 9 .

x + y 5 10. x = -2

x - 7 + y z .

5. x + y = 5 , 11. x + 2y + z = 5 ,

x + y + z 10 . -x + 2y + z = 5 .

6. 3Y z 9 1 12. x + 2y + z = 8 ,

x + 4y 4 . x - Ry = 0 .

8. Algebraic Representation of the Line of Intersection of TWo Intersectine

Planes.

(Ba)

(Bb)

In this section we study the intersection of a pair of planes

x + 2y - z 5 = 0

x + y + z - 2 = 0 .

Our procedure is to obtain the equations of three planes which peas

through the line of intersection of the given planes and which give particu-

larly useful representations of that line. We construct three different

linear combinations of the expressions

and (x.+ 2y z - 5)

(x + y + z 2) 0

and find three components of equivalent systems each of which has the coeffi-

cient of at least one variable equal to zero.

2
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(8d)

(8e)

A component of.an equivalent system can be written

a(x + 2y - z 5) + b(x + y + z - 2) = 0.

(1) We eliminate x by choosing a = 1 , b = -1.

(x + 2y - z - 5) - (x + y + z - 2) =

y - 2z - 3 0

(2) WO eliminate y by choosing a = 1 , b = -2.

(x + 2y - z 5) - 2(x + y + z 2) = 0

-x - 3z - 1 = 0

(3) We eliminate z by choosing a = 1 b = 1.

(x + 2y - z - 5) + (x + y + z - 2) = 0

2x + 3y - 7 = 0

We now have three distinct new equations (80 , (8d) , (8e) , any two

of 'which may be chosen to represent the line of intersection of the given

planes.

If we represent this line by the planes

y - 2z - 3 . 0

-x - 3z - 1 = 0

we can e press x and y in terms of z :

(8r)
x = -3z - 1

v is 2z + 3 .

This is an especially convenient form for determining paxticular points

on the.line of intersection of the two given planes. It enables us easily to

write down as many number triples in the solution set as we wish. We see

that we may assign values to z at random, and obtain corresponding values

of x and y. Thus the solution set contains infinitely many number triples.

This is what we should have expected, since the intersection of these two

planes is a line.

EXamole 1. Wite 4 members of the solution set of the above system

Solution: Using the first representation given above, (8f), assign

arbitrary values to z 1 and compute the corresponding values of x and y



( 8g )

111111111113 -7

Y 111111:11111311E
11311 0 MIMI 2

narate-rrs':

x = -3z - 1

y a. 2z 4. 3

z arbitrary

If we use (8d) and (8e) , we can express y and z in terms of x;

1<21 7
3

z = 1{x 1) .

3

Using this representation of the line of intersection of the two given planes,

check the number of triples obtained above by assigning the tabulated values

of x and computing the other values.

Using

(8h)

111111

MI

x arbitrary

1
Mr ." .4 2x - 7)

3

z = - 1(x 1)
3

(8c) and (8e) we can express x and z in terms of

x i;(3Y 7) )

= 1(y - .

2

Using this representation, check again the number triples obtained from (8f)

by assigning the tabulated values of y 0 and computing the corresponding

values of x and z .

3 5
-4

1
--4

S.

7
4

1

x = - t(3y - 7)

y arbitrary

z = -12--(y - 3)

,EXallaple 2: Find four number triples in the solution set of the system

2x- y + 2z = 6

z = 2 .

How can we describe the whole solution set algebraically?

Solution: In this example every number triple in the solution set has

z 2 . By substituting this value in the first equation we have

2x y 2

y = 2Jr - 2



or x i{y + 2) .

Thus four number triples in the solution set can be written by assigning arbi-
a

trary values to x 1 and computing the values of y :

_ ,
x 0 1 -1 2

y -2
I

0 1 -4

Al

z 2 2 2 2

x arbitrary

y m 2x - 2

z m 2

or by assigning arbitrary values to y , and computing the values of x :

11111131 0 111111111
1113111111111 Ell

x = ,i(59 + 2)

y arbitrary

z = 2

The complete description of the solution set is given either

x arbitrary x = (y + 2)

as y = 2x - 2 or as y arbitrary

z . 2 z = 2.

In this case, z may not be chosen arbitrarily.

Ekercises 8.

In each of the problems given below if the planes intersect in a line express

two of the variables of the solution set in terms of the third variable, and

tabulate a subset of the solution set consisting of four number triples.

1. x 35, z 11 6. 2x + 6z - 18y = 6

x - 5Y + z = 1 x - 3z - y . -3

2. x + 2y z = 8 7. 3x - 4y + 22 . 6

x +y+z= 0 6x - 8y + 4z . 14

3. x z + y 5 8. -5x + 4y + 8z . 0

x + 2y = -z -3x + 5y t 15z . 0

41 2x + 4y - 7 . 5z 9. 6z - 7y + 4x . 13

4x + 8y - 14 . 5z + 6y - z . 7

5. -2x + y + 3z . 0 10. -10x + 4y - 5z . 20

-4x + 2y + 6z = C 4

19



a

9. The Solutiort Set al:a System, of Three First Degree Fouations in Three

Variables.

now colander the solution sat of three first degree equations in three

variables. A simple example will introduce us to the problem.

Figure 9a

2x + 3Y 4'

4x + y +

z . 6 ,

z . 2 .

Figure 9$ suggests the graphic solution in which A is the single point of

intersection of the three pletes. Algebraically, we may use the value of z

given by the third equation; substitute it in the first two equations, and

then solve for x and y :

2x + 3y 4 ,

14x + y . 2 ;

6
x y ; z . 2 .5

/1 6
The point of intersection of the three planes is k5,5,2i.

Usually the graphic representation of the three planes represented by

three first degree equations in three variables will be too complicated to

draw. But it is helpfUl to keep in mind the geometric meaning of the equa-

tiona when we consider the types of solution setithat we may expect. These

correspond to the types of intersections that are Possible for three plates

20



in space. The method of solution will be the same in all cases. It is Mull-

trsted by the following examples. In each case the problem is to find the

solution set.

Example 1: x + 2y - 3z = 9 ,

2x - y + 2z = -8 ,

-x + 3y - 1iz = 15 .

au 1: Eliminate x rrom the second and third equations by adding appropri-

ate multiples of the first equation. We now have the equivalent system

x + 2y - 3z . 9

0 5y + 8z . -26 ,

0 + 5y - 7z = 24 .

ZEE 2: Eliminate y from the third equation by adding an appropriate mul-

tiple of the second equation ebtaining the equivalent system

x + 2y - 3z = 9 N

0 "' 5y + 8z . -26

0 + 0 + z . -2 .

am3: Substitute z -2 in the second equation obtaining

-5y = -26 + 16

y 2 .

au 4: Substitute z = -2 and y 2 in the first equation.

x + 4 + 6 . 9

x = -1 .

Step 5: Check the solution.

-1 + 4 + 6 .

-2 - 2 - 4 . -8 ,

1 + 6 + 8

We see that the solution is the number triple (-1,2,-2). The planes inter-

sect in a point. Figure 9b, shows three planes intersecting in a point.

(Case I.)

Example 2: 2x - 3y + z 3 . 0

x + 5y - z - 3 = 0 ,

x + 12y - 22 - 12 . 0 .

21



To simplify the arithmetic, we interchange the first and second equation,

and proceed with the steps described in Example 1.

asp 1: Eliminate x from two equations, obtaining the equivalent system,

x + 5y - z - 3 I. 0 p

O " 13y + 3z + 3 . 0 ,

O - 13y + 3z + 3 = 0 .

Ellk 2: Eliminate y from the third equation.

x + 5y - z - 3 . 0 ,

O - 13y + 3z + 3 . 0

0 + 0 + 0 + 0 . 0 .

In this case, the third equation contributes no new information. If Step 2

,giveri the identity, 0 0 0 one of the giwn equations is a linear combina-

tion of the other two. Here the left member of the third equation;

can be obtained as

5x + 12V - 2z - 12

(2x - 3y z - 3) .4- 3(x 4' 5Y - z - 3).

Therefore, we know that the graph of the third equation must pass through

the line of intersection of the planes

2x - 3y + z 3 .

x + 5y - z - 3 . 0.

(This relationship will be studied further in Section 10.) Thusothe coaplete

solution of the given system is an infinite set of triples representing the

points on the line.of intersection of the given planes. We may use the

method in Section 8 if we wish to determine the numbers of the solution set.

Eliminating x from the first two equations we have

(2x - 3y + z 3) - 2(x + 5y - z - 3) = 0

-13y + 3z + 3 . 0 .

Eliminating z from the first two equations we have

(2% - 3Y 4 z - 3) + (X 5y - - 3) = 0

3x + 2r - 6 = 0.

Solving for x and z in terms of y :

x = 4-2y + 6
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z = -413Y - 3)
3

y i arbitrary.

Figure 9b shows three pl.anes intersecting.in a straight line. (Case 2a.)

Example 1:

Here .§.122 1 yields

2x - 3y + z - 3 - 0 ,

2x + lOy - 2z - 6 . 0 .

x + 5y - z - 3 . 0 ,

0 - 13y + 3z + 3 . 0 ,

0 + 0 + 0 + 0 . 0 .

We see that the left-hand member of the third equation is twice the left-hand

meMber of the first equation.

2x + 10y - 22 - 6 . 2(x + 5y - z 3).

Therefore,the first and third planes coincide. Again, the solution is com-

pletely described by the firm* two equations. It is the same line we found

in Ekample 2. (See (ase 2b, igure 9b.)

Example 4: x + 2y + z 4,

x - 2y + z = 0 ,

For simplicity, move the third equation into the first row

x + z . 4 ,

x + 2y + z -14,

x - 2y + z = 0 .

21E2 1: Eliminate x in the second and third equations.

O + 2y + 0 = ,

O - 2y + 0 . -4 .

au 2: Eliminate y from the new third equation.

x + 0 + z . 4

O 4. 2y 4. 0 = 0

0 + 0 + 0 . -4 .

Since there are no triples for which 0 .= -4 there are no solutions. In this

case one plane is parallel to the intersection of the other two. (See Case 4a,

Figure 9b.)
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bc*pe 2: x + y + 2z = 1 )

x + y + 2z = 2 I

x + y + 2z = 3 .

By subtracting the first equation from the other tun we find immediately

x + y + 2z = 1

0 + 0 + 0 = 1 I

0 4" 0 0 20 2 .

Again, we have no solution. The three planes are parallel. (See Case 4d,

Figure 91)4)

Example 6: x y 2z = 1

2x - 2y - 4z ... 2

-x + y + 2z = -1 .

. Step 1 gives the equivalent system

x y 2z = 1

0 + 0 + 0 = 0

0 + 0 + 0 = 0 .

In this case, the three equations represent the same paane. (See Case 3

Figure 9b.)

Example 1:

1 1 1These equations are linear in the variables . We treat these recir-x y z
rocals as the unRnowns.

Retain the first equation, changing the order of the variables so that

the computation that follows can be carried on more conveniently.

z Y x

am 1: Eliminate from the second and third equations. We have the equi-

valent system

1 2 1 . 3
z y x

9
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Y x
or

1 1

y x

am 2: Eliminate from the third equation

1 2
2, 3 ,z y x

Y x

1 10 + 0 + 2 . x .

1
Step 3: Substitute 2 in the second equation.

EI1E 4: Substitute =

atm 5: Check the solution.

I 4. 16 9

-1 in the first equation, obtaining

1
- 2

3 .2 + 2(-1)

2 . 2 + 3(-1)

4 .2 + (-1)

+ 6

1
=.

3

1 . Z = l

- 1 = 3 ,

+ 2 3 ,

- 3 = 4 .

Summary. The method described in this section is called triangulation

because, in the case of a unique solution, the non-zero coefficients (repre-

sented by Step 2 in Example 1) lie in the form of a triangle:

This method provides a systematic procedure that enables us to recognize

when the solution set is empty, when it contains a single triple, and when it

contains infinitely many triples corresponding either to a line of points or

to a plane of points. The method can be summarized as follows:
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am 1: After choosing a convenient first equation, eliminate one variable

(say x) from the other two equations by adding appropriate multiples of the

(chosen) first equation.

au 2: In a similar way, work with the second and third equations which now

contain only y and z . MUltiplying by suitable numbers, eliminate a second

variable (say y) from the third equation.

Steps 3 and 4: The third equation now gives a value of one variable (say z).

Substitute this value in the second equation to obtain y . Substitute the

values of y and z in the first equation to obtain x .

am 5: Check the values of x, y, z found in Steps 1 - 4 in the given equa-

tions.

In Fignre 9b ws give sketches that illustrate the possible types of inter-

section of three planes in space.

1. The three planes intersect in a

point. The solution set is a

single number triple.

2. The three planes intersect in a

line. The solution set is the

infinite set of number triples

corresponding to the points on

the line.

(a) The three planes have a line

in common.

26
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2. CO TVo planes coincide and

intersect the third plane

in a line. The solution

set is the same as in 2(a).

3. All three planes coincide. The

solution set is the infinite set

of number triples corresponding

to the points in the plane.

4. The three planes do not have a

common intersection. The solu-

tion set is empty. The system is

inconsistent.

(a) Two planes intersect; the

third is parallel to their

intersection.

(b) Two planes are parallel. The

third plane intersects these

two in parallel lines.

27
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4 (0) Tiro planes coincide and are

parallel to the third plane.

(d) The three planes are

parallel.

Exercises 2.

Figure 9b (continued)

In each of the following problems, determine whether the solution set is ecLpty

or whether its graph is a point, a line, or a plane. If the intersection is a

point, give its coordinates.

1. x + z = 8 4. x + y 5z . 9 p

X y + 2z = 17, 2x + 3y - 12z . 22

x + 23 + z 16 . 3x - 5y + z = -5 .

2. x + 2y z =-5 , 5. x - 2y + 3z = 6 p

X y + 2z 11 p 2x + y - 2z = y

X y + 3z = 14 . 3x - 3y z = 5 .

3. x + 2y z 6. 2x + 4y +z=O,

2x + 2y - 3z -1 x y + 3z . 8 ,

4x - y + 2z = 11 . 3x + y -2 .

28
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7. x - RY z 4 ,

-3x + 6y - 3z = -12 ,

2x - 4y + 2r . 8 .

8. 2x + 3y + 7z - 13 - 0

3x + 2y - 5z + 22 a 0 )

5x 7Y 3z + 28 I,. 0 .

9. 4x -y+z. 6 ,

3x + 2y - 4z . 2 ,

7x + y - 3z . 5 .

10. 20x - 20y - 30z = 0

15x - 10y - 25z = 0 0

10x - 20y - 102 = 0 .

11.
3x y z

3x y z

4 18

x y z

2 12 10
12.

x y z

8 2+ 1
x y z

x y z

13. x + y + z = 2
2x + 2y + 2z = 5 ,

x-y+zu7.
14. 3x - y - 2z - 2 = 0 ,

2y - z + 1 = 0 ,

3x - 5y - 3 0 .

15. x y

1

y- .5)z

X

16. X + y + z = 3 ,

3x 3Y 3z 9

x + y z = 6 .

17 .
x y z

2 1 1

x y z

1 1

z y x

18 . x + + z = 3

2x y 3z = 7 0

3x + y + 4z = 10 .

19. 3X + 5y + 2z = 0 p

12x - 15. = 12 y

6x - 25y 8z . 8 .

20. 2x y + 4z = 3 p

3x + 2y - 2z = -1

X 4y + 10z =

21. 2x+y+z- 3 0 ,

x + 4y + 3z - 10 . 0

x - 3y - 2z + 7 0 .

22. x 2y - 3z = 2 p

X 4y - 13z = 14 ,

3x - 5y - 4z = 0 .

*23. We Consider buying three kinds of food. Food I has one unit of vitamin

A, three units of vitamin B, and four units of vitamin C. Food II has

two, three and five units, respectively. Food III has three units each

of vitamin A and vitamin C, none of vitamin B. We need to have 11

units of vitamin Ay 9 of vitamin B, and 20 of vitamin C.

(a) 'Have we enough information to determine uniquely the amounts of each

of the foods we must get?

(b) Suppose Food I costs 60 cents and the others 10 cents per unit.

Is there a solution for this problem if exactly one dollar is spent

for these foods?
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4124. The solution set of the f011owing system contains onV one triple. De-

termine which of the equations may be omdtted without altering the solu-

tion set.

x Y 5

.-x + 3z ,,, 2

x + 2y + z . 1

y + z m -4

4110. Equivalent Systems of Equations in Three Variables.

We give here a treatment of equivalent systens for first degree equations

in three variables.

Recall the procedure used in Sections 7, 8, and 9 to study systems of

first degree equations in three variables. We have been using the following

operations which can always be performed upon the equations of a system to

yield an equivalent system:

1. Two equations of the system may be interchanged.

2. An equation of the system may be multiplied by any nudber k 0 .

3. k times any equation of the f*ttem may be added to any other

equation of the system.

Consider now the set of all equations that we can obtain from two given equa-

tions,

(10a)
x + 2y - z - 5 = 0

lx+y+z- 2 = 0 p

by multiplying the first equation by a constant, a , and the second equation

by a constant, b (where a and b are not both zero), and then adding the

two equations. This procedure involves operations (2) and (3) . Thus, we

can represent all such equations by

(MD) a(x + ay z 5) + b(x + y + z - 2) = 0

(a, b not both zero) .

By definition, any solution of the system (10a) must reduce each or the

expressions in the parentheses in (10b) to zero. It mutt therefore be a

solution of (10b) .

For example, if we take a 2,b= 1,we obtain

2(x + 2y - z 5) + 1(x + y + z - 2) - 0

3x + 5y z - 12 0 .
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Since this equation is of first degree, it represents a plane. Since it is

satisfied by all the triples in the solution set of (10a) , the plane passes

through the line of intersection of the planes in (10a) . Hencepthe equation

(100 represents a plane through the intersection of the planes in (10a) .

Thuspany two distinct planes formed by substituting values of a and b
in (l0b) determine the same line of intersection as the equations in (10a).

The left members of the equations obtained from (100 are called linear com-

binations of the left members of the equations in (10a). We have used this

converse proposition in Sections 7, 8, and 9.

Example I: Find the equations of 2 distinct planes through the line of

intersection of the planes of the system

y = 2

z = 5 .

Sketch the graph.

Solution: The general equation of all planes through the intersection of

the given planes is equation

(10d) a(y - 2) + b(z - 5) = 0 (a,b not both zero)

1. If we take a = 1 , b = 1 , we have

y - 2 + z 5 - 0

y + z - 7

The given plane y = 2 is parallel

to the XL-plane and 2 units to

the right of it. The given plane

z = 5 is parallel to the XY-

plane and 5 units above it.

These planes intersect in a line

parallel to the X-axis. The new

plane y + z = 7 has the follow-

ing traces:

In the XY-plane where z = 0 ,

Y = 7 ;

in the 17-plane where x = 0 0

y + z =

in the XZ-plane where y = 0 ,

z =

31
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It is a plane parallel to the

X-axis. (See Figure lOb.)

Note that.the YZ-trare,

y + z gm 7 , passes through

the point y = 2 , z = 5 in

the n-plane.

v7.1

Figure lOb

If we take a = 2 in Equation (10d) we have

2(y - 2) + 2(z - 5) = 0

2y + 2z - l 0 .

This plane coincides with the plane we have just studied,

y + z

This is because the a and b we have chosen are both twice the a

and b chosen above.

3. If we take a = 2 , b , we have

2(y.- 2) + (z -

2y + z - 9 0 .

The traces of this plane are

2Y" 2

x = 0 , 2y +

y 0 2. 9.

This is another plane parallel to the X-axio. Notice again that the

trace

2)' + z

passes through the point (0,2,5) . See Figure lOc.

12



Figure 10c

1k:reifies ja.

1. Find an equation for a plane through the line of intersection of the

planes in each of the following systems. By sketching the graph in each

case, show that the plane represented by the equation you have found

passes through the intersection of the given planes.

(a) x+ 2=0,
z - 4 . 0 z - 5 . 0 .

2. In each of the following problems, find an equation for the plane con-

taining the given point amd passing through the line of intersection of

the given pair of planes.

(a) (1,2,1) ; x + 2y - 3z 0

x y + z B 1 .

(b) (,-1,0) 2y - 3z - 2 = 0

x + y + z = .

(c) The origin; x + z 0 p

2x - y + z - 8 = 0 .

(d) (0,2,1) 2x - y + z 3 . 0 ,

x - 3y + 4 = 0 .
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aka. Prove that the planes represented by the equations

2x - y + 3z . 1

6x - 3y + 9z . 5

are parallel. Show that, for all values of a and b both difTerent

from zero,

a(2x y + 32 . 1) + b(6x 3y + 9z - 5) 0

represents a plane parallel to the given planes.

*4. Find an equation for the plane containing the point (1,-1,1) and

passing through the line of intersection of the planes,

x + y - 3 - 0

z - 4 . 0 .

Sketch the graph, showing the traces of the three planes, snd show that

the plane represented by the equation you have found passes through the

intersection of the given planes.

11. Miscellaneous Exercises.

1. A number may be written in the form l00b + 110t + u , where h, t, and

u represent respectively the hundreds, tens and units digit. If the

sum of the digits of a certain Lumber is 13 , the sum of the units and

tens digits Is 10 , and the number is increased by 99 if the digits

are reversed, find the number.

2. Find the relation that must hold between the numbers a, b, c in order

that the system

1

3x + 4y + 5z a

4x + 5y + 6z = b ,

5x + 6y + 7z = e ,

have a solution.

. Find a three digit number such that the difference t:etween each succeed-

ing pair of digits is 1 and the sum of the digits is 15.

4. A man han three sums of money invested, one at 3 0/0 one at 4 p

1
and one at 4m --- . His total annual income from the three investments

2

is 0346 . The first of these yields t44 per year more than the other

lt
two combined. If all the money were invested at 37 o

fo he would re-

ceive ,t4 per year more than he does now. How much is invested at each

rate
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5. For what value of a will the three planes represented by the equations

given below have a line of intersection? Give the coordinates of three

points on the line.

x+y+zs6
y - z s 1

2x - al w 7

6. Three trucks were hauling concrete. The first day one truck hauled 4

loads, the second hauled 3 loads, and the third hauled 5 loads. The

second day the trucks hauled 5, 4, and 4 loads respectively. The

third day the same trucks hauled 3, 5, and 3 loads respectively. If

the trucks hauled 78 cu. yds. the first day, 81 cu. yds the second

Say, and 69 cu. yds. the third day, find the capacity of each truck,

assunsing they were fully loaded on each trip.

7. Frank Nixon has a metal savings bank which registers the total amount

deposited. Only pennies, nickels and dimes can be deposited. 1.rank

knows that he has deposited one coin on each or 40 days. The bank

shows a total deposit of 4.80 . If Frank deposited as many pennies

as both dimes and nickels, find the number of each.

8. A printing shop has three presses. One press operated 8 hours on

Monday, 4 hours on TUesday, and 2 hours on Wednesday. A second press

operated 4 hours on Monday, 1 hour on Mesday, and 5 hours on Wed-

nesday. The third press operated ( hours on Monday and 7 hours on

lUesday. Monday's output from the three presses was 1270 units,

TUesday's was 00 units, and Wednesday's was 550 units. What was the

average output per hour for each press?

2
. If A, B, C can do a piece of work in 2 days, A and B can do the

3

4
work in 4 days, and C does twice as much work as A p at this rate,

find the number of days in which each can do the work alone.

10. Three planes, A, B, C, working together can spray a certain cotton field

in 2 hours. After they had worked together for one hour, plane C

seveloped engine trouble, and planes A and B completed the job in one

hour and' 20 minutes more. The next day it was found necessary to re-

spray the part sprayed by plane C. This was done by planes A and 14

in twenty minutes. How long would it take each plane to spray the en-

tire field?
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11. Bp 52 and T axe the points of

tangency of a triangle ABC cir-

cumscribed about a circle. If the

sides of the triangle AB, BC, and

AC are respectively 10, 8, and

7 units long, find the lengths of

the segments AS, SB, BT, TC, CR,

and AR.

12. If a parabola defined by the equation y

the points (-1,1) (3,1) , (4,-4) , find

a, b and c .

13. If a parabola defined by y = ax
2
+ bx + c

(1,4) , (-3,20) (-1,0) , find the values

C.

14. A local school gym entrance meter received half dollars from adults,

quarters from high school pupils, end dimes from elementaxy school pupils.

An attendant opened the box when the meter showed that 320 admissions

had been deposited, giving a total of *76. He found there werc twice

as many dimes as quarters. Find the number of adults, high school pupils,

and elementary school pupils who had paid admission.

15. The stopping distance of a car after the brakes are applied is given by

the equation

Figure ha

ax
2

+ bx + c passes through

the values of the constants

passes through the points

of the constants a, b, and

1
s kt2

+ At + B
2

where

s = number of feet the car travels after the brakes are applied,

t - number of seconds the car is in motion after the brakes are

applied.

If the following pairs of values were found for s and experimen-

tally, find the values of the constants k, A, and B.

j a = 46

1 t = 1 t = 2
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16. Averages for a marking period in a certain mathematics class are based on

scores made on a one-hour test, a short quiz, and a final examination.

The scores made by Frank, Joyce, and Eunice, as well as their final aver-

ages, are shown in the following table.

Test (T) Quiz Q) Examination (E) Final (A)

ErmmA 78 78 86 82

Joyce 78 98 4 80

EUnice 84 64 86 81

(a) Find values of w a, that the instructor may have used to
1, c 5

compute A if he uscd the formula

w,T + w
2
Q + w,E = (w, + w

2
+ w

3 3

to compute the final average, A .

(b) Can you find a triple of values for (w
1,
w
2'
w
3

) whose sum is 1 .

17. A firm sent a messenger to the post office to buy 010 worth of 7+

air mail stamps, 4i stamps and lf stamps. The directions given were

to buy as many air mail and 4 stamps as possible, getting twice as

maxv air mail stamps as 14 stamps, and buying one cent stamps with the

change that remained after the air mail and four cent stamps had been

purchased. How many of each kind of stamps will the messenger obtain?

18. After playing 18 holes of golf, a player reports his score as a certain

Lumber. His actual score is 1 stroke per hole greater than the number

whicli he reports. If the number which he gave as his score and his

1
actual score are averaged the resulting number is greater than par.

A score of 2 over par is less than the number he reports by 1 What

is par for the course, and what-number does he report as his score?

*19. Find an equation for the plane containing the points (-1,0,0) (1,-1,0),

(-1,3,2) .

20. [NOTE: This problem should interest students who have studied chemistry.)

The problem of balancing chemical equations can be reduced to an easy

algebraic process. We illustrate by several simple examples:

(a) Balance the equation for the following chemical reaction:

( )Fe0 + ( )02 ( )FeL) + ( )1302

Insert the letters w, x, y, and z in the Ilanks and write down

the equations resulting by equating the amovnts of Fe in Fel;

and Fe0,

3

4



(v) FeS + (x) 02 ''''"0" (y) Fe0 + (z) 502

y w(Fe) * y(Fe)

Repeat this process for the sulfUr and oxygen.

v(S) a z(S) w a z

x(2 0) a y(0) + z(2 0) ; 2x a y

y

V =

2x a y + 2z

Solve for x, y, and z in terms of

Choose w so that it is the smallest positive integer for which

x, y, and z are also integers.

w a 2 ;

y a 2 ;

2 FeS + 3 02

x = 3

z= 2

2 Fe0 + 2 SO2 .

(b) Balance the equation for the following chemdcal reaction:

)H20 + (

(a)NH
3
+ (b)0

2
--IP (c)H

2
0 + (d)NO2

Nitrogen: a = d

Hydrogen: 3a = 2c

Oxygen: 2b = c + 2d

d = a

c = la
2

b ia

a must be equal to 4

b = 7 ; c = 6 ; d = 4

4 NH
3
+ 7 0 0. 6 H

2
0 + 4 NO

22 .

)NO2

Balance the equations ,for the following chemical reactions.
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( a) Ag + HNO3 -40 AgNO3 + NO + H20

(b) Au.C13 + KI AuC1 + KC1 + I2

( ) HNO3 + HI ---e Nu + I2 + H20

( d) Mr102
+ HC1 --(I. MC12 + C12 + H20

( e ) Cr ( 0103 + NaOH + H202 --- Na2Cr04
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